Standard quantum computation is based on sequences of unitary quantum logic gates that process qubits. The one-way quantum computer proposed by Raussendorf and Briegel is entirely different. It has changed our understanding of the requirements for quantum computation and more generally how we think about quantum physics. This new model requires qubits to be initialized in a highly entangled cluster state. From this point, the quantum computation proceeds by a sequence of single-qubit measurements with classical feedforward of their outcomes. Because of the essential role of measurement, a one-way quantum computer is irreversible. In the one-way quantum computer, the order and choices of measurements determine the algorithm computed. We have experimentally realized four-qubit cluster states encoded into the polarization state of four photons. We characterize the quantum state fully by implementing experimental four-qubit quantum state tomography. Using this cluster state, we demonstrate the feasibility of one-way quantum computing through a universal set of one-and two-qubit operations. Finally, our implementation of Grover's search algorithm demonstrates that one-way quantum computation is ideally suited for such tasks.
Standard quantum computation is based on sequences of unitary quantum logic gates that process qubits. The one-way quantum computer proposed by Raussendorf and Briegel is entirely different. It has changed our understanding of the requirements for quantum computation and more generally how we think about quantum physics. This new model requires qubits to be initialized in a highly entangled cluster state. From this point, the quantum computation proceeds by a sequence of single-qubit measurements with classical feedforward of their outcomes. Because of the essential role of measurement, a one-way quantum computer is irreversible. In the one-way quantum computer, the order and choices of measurements determine the algorithm computed. We have experimentally realized four-qubit cluster states encoded into the polarization state of four photons. We characterize the quantum state fully by implementing experimental four-qubit quantum state tomography. Using this cluster state, we demonstrate the feasibility of one-way quantum computing through a universal set of one-and two-qubit operations. Finally, our implementation of Grover's search algorithm demonstrates that one-way quantum computation is ideally suited for such tasks.
The quantum computer 1,2 is a powerful application of the laws of quantum physics. Such a device will be far more efficient at factoring 3 or database searches 4 compared to its classical counterparts 5 . Considerable effort has been directed towards understanding the role of measurement and entanglement in quantum computation [6] [7] [8] [9] [10] [11] [12] . A significant step forward in our understanding was the introduction of the one-way quantum computer [13] [14] [15] [16] [17] , which highlights the importance of both measurement and entanglement in a striking way. In this model, all of the entanglement is provided in advance through a highly entangled multiparticle cluster state 13 . The quantum computation on the cluster state proceeds via local, single-qubit projective measurements with the outcomes potentially affecting those measurement settings that follow. It is a strength of the cluster state model that the intrinsic randomness of quantum measurement results creates specific types of errors that can be corrected through this classical feedforward. Most importantly, feedforward makes cluster state quantum computation deterministic. In the present proof-of-principle experiment, we perform measurements using fixed single-port polarizers, making our computations probabilistic. Different algorithms require only a different pattern of adapted single-qubit operations on a sufficiently large cluster state. As it is entirely based on single-particle measurements instead of unitary evolution, the computation is inherently not time-reversible-it is one-way. Most importantly, cluster state quantum computation is universal 14, 17 in that any quantum circuit can be implemented on a suitable cluster state. Open theoretical questions remain about the scalability under realistic noise conditions required for fault-tolerant one-way quantum computation. Although a threshold has been proved to exist 18 , it is unknown whether cluster state quantum computation will be more or less sensitive to noise than the standard model.
The one-way quantum computer does not perform quantum logic on the individual qubits of the cluster state. In order to describe the computational circuit, we need to distinguish between the physical qubits (in our case, the polarization state of photons), which make up the cluster state and on which actual measurements are carried out, and encoded qubits, on which the computation is actually taking place. Owing to the specific entanglement of the cluster state, no individual physical qubit carries any information about an input state. Instead, each encoded qubit is written on the cluster state non-locally; that is, the information is carried by the correlations between the physical qubits. As the quantum computation proceeds, the encoded input qubits are processed in the imprinted circuit, whose output is finally transferred onto physical readout qubits. Interestingly, whereas the entanglement between the physical qubits in general decreases as a result of the measurement sequence, the entanglement between encoded qubits may increase.
A cluster state can be thought of as emerging from an array of equally prepared independent qubits, which then interact via controlled-phase ('CPhase') gates with their nearest (connected) neighbours. Specifically, a cluster state can be built up as follows: a large number of physical qubits are each prepared in the superposition state j þ l ¼ j0l þ j1l
, where j0l and j1l are the computational basis of the physical qubits. A CPhase operation jjljkl ! ð21Þ jk jjljkl, with (j,k [ 0,1), is then applied between pairs of neighbouring, connected qubits and effectively generates entanglement between them. The choice of which physical qubit neighbours are entangled by the CPhase operations, drawn as connecting 'bonds' (Fig. 1 ), determines the structure of the cluster state, which defines the basic type quantum circuit it can implement. This construction provides an intuitive understanding of the graphical representation of cluster states as connected arrays of physical qubits, in which each line corresponds to a previous nearestneighbour interaction. We will later demonstrate how the highly entangled cluster states can be generated in a different way-directly from nonlinear optical processes.
Given a cluster state, two basic types of single-particle measurements suffice to operate the one-way quantum computer. Measurements in the computational basis j0l j ; j1l j È É have the effect of disentangling, that is, removing, the physical qubit j from the cluster, leaving a smaller cluster state. Such operations can be used to modify the structure of the cluster and thus the imprinted circuit. The measurements that perform the actual quantum information processing are made in the basis
(a is a real number). The choice of measurement basis determines the single-qubit rotation, R z ðaÞ ¼ expð2iaj z =2Þ, followed by a Hadamard operation,
, on encoded qubits in the cluster (j x ; j y ; j z being the usual Pauli matrices). Combinations of rotations about the z axis and Hadamard operations can implement R x ðaÞ ¼ expð2iaj x =2Þ rotations through the matrix identity R x ðaÞ ¼ HR z ðaÞH. General quantum logic operations can be carried out by the correct choice of B j ðaÞ on a sufficiently large cluster state. We define the outcome s j of a measurement on the physical qubit j as 0 if the measurement outcome is j þ al j , and as 1 if the outcome is j 2 al j . In those cases where the 0 outcome is found, the computation proceeds as desired. However, in those cases where the 1 outcome is found, a well-defined Pauli error is introduced. Feedforward, such that the output controls future measurement, compensates for these known errors.
For the implementations of single-and two-qubit quantum logic, we post-select only those cases where the 0 outcome is found. In these cases the computation proceeds error-free and requires no feedforward. In the final section, where we report the implementation of Grover's search algorithm, the feedforward determines the final, classical, measurement. There we measured all possible combinations of the measurement results individually, and applied the feedforward relation in such a way that the earlier Figure 1 Few-qubit cluster states and the quantum circuits they implement. For each three-and four-qubit cluster, its quantum state and the computation carried out in the one-way quantum computer model are shown. For the case of the linear clusters jF lin3 l (a) and jF lin4 l (b), consecutive measurements on the qubits 1, 2 and 3 will perform a computation as a series of one-qubit rotation gates. The encoded input state undergoes single-qubit rotations with controllable angles, and the output is left on physical qubit 4. In contrast, the horseshoe clusters jF ,4 l (c) and jF .4 l (d) and the box cluster jF A4 l (e) form more complex circuits containing both single-qubit and two-qubit gates, both of which are necessary to form a universal set of logic gates for quantum computation. In particular, measurements on two of the physical qubits (2 and 3 in the case of jF ,4 l, and 1 and 4 in the case of jF .4 l or jF A4 l) will perform the circuit defined by the particular cluster and transfer the logical output onto the remaining two physical qubits (1 and 4 in the case of jF ,4 l, and 2 and 3 in the case of jF .4 l or jF A4 l). When these cluster states are not a part of a larger cluster, the encoded input states are always jW in l ¼ j þ l 1E for the one-qubit gates and jW in l ¼ j þ l 1E j þ l 2E for the two-qubit gates. f, General input states can be prepared and processed through these operations when these clusters are subunits of larger clusters. measurement outcomes define the meaning of the final ones.
Even a small cluster state suffices to demonstrate all the essential features of one-way quantum computing. Each of the three-and four-particle cluster states shown in Fig. 1 can implement the quantum circuit shown to its right that consists of a series of singleand two-qubit quantum gates. The computation proceeds via single-particle measurements carried out from the left side of the cluster to the right side, where the final readout takes place. The important feature of the quantum circuits is that the output of one circuit can be fed into the input of a subsequent one if their cluster states are bonded together by CPhase operations. Thus these small circuits, which form a universal set of logic gates, can be used as subunits for a fully functional quantum computer.
As an example, consider the four-particle box cluster state jF A4 l on a two-dimensional lattice (Fig. 1e ). The encoded input to the two-qubit quantum circuit is the product state jW in l ¼ j þ l 1E j þ l 2E , where the numerical subscript labels the qubit and the subscript E is used to distinguish encoded qubits from physical qubits. The circuit processes this pair of encoded qubits through a sequence beginning with a CPhase gate, followed by single-qubit rotations R z (2a) and R z (2b) on encoded qubits 1 and 2, then a Hadamard operation, H, on both qubits, ending with a second CPhase operation. The values for a and b of the rotation gates are set by the choice of measurement bases B 1 (a) and B 4 (b) on the physical qubits 1 and 4 respectively. The output of the quantum computation is transferred onto physical qubits 2 and 3. This kind of two-qubit quantum gate is essential for universal quantum computation, as it can generate entanglement between the encoded qubits.
On the other hand, by changing the geometry of the cluster state to the one-dimensional cluster jF lin4 l ( Fig. 1b) , it now results in a different quantum circuit corresponding to a set of single-qubit rotations on one encoded qubit. Consecutive measurements B 1 (a), B 2 (b) and B 3 (g) on the physical qubits 1, 2 and 3 transform the input state, in our case jW in l ¼ j þ l 1E , to jW out l ¼ HR z ð2gÞR x ð2bÞR z ð2aÞjW in l and store the output on qubit 4.
In order to demonstrate all the circuits shown in Fig. 1a -e, it is sufficient to produce first a linear cluster state of four qubits. The particular circuit implemented is then determined by the order of the measurements performed. Specifically, the one-dimensional linear structure ( Fig. 1a and b) is implemented by sequentially measuring qubits 1, 2 and 3, with the final result then being available at qubit 4. The two-dimensional 'horseshoe' structures ( Fig. 1c and d) are implemented by measuring either qubits 2 and 3 or 1 and 4, with the final result then being available at qubits 1 and 4 or 2 and 3, respectively. The four-qubit box cluster ( Fig. 1e ) can be obtained from the four-qubit linear cluster by Hadamard rotations and by swapping (that is, relabelling) the physical qubits 2 and 3. This will be described in more detail in the next section, and in the section 'Two-qubit gates' .
The difficulty of one-way quantum computing lies with the cluster state preparation. Cluster states arise naturally in spin chains or spin lattices by way of nearest-neighbour Ising interaction 13 , a well-known interaction model in solid-state physics. The first proposals to achieve cluster states were based on analogues of dipole-dipole coupling between atoms in optical lattices 15, 19 . Although photon-photon interactions are negligible, recent proposals have nevertheless shown that optical systems may be well suited for implementing the cluster state model. These schemes use sequences of probabilistic quantum-logic gates 8,20-23 based on linear optical elements to construct large photonic cluster states 24, 25 . These optical one-way quantum computation proposals are less demanding of resources than the comparable optical implementation in the standard model 8 .
In the present work, we have used nonlinear optics to directly produce four-photon cluster states. This method exploits a modeand polarization-entangled four-photon state 26 produced in pulsed-pump spontaneous parametric down-conversion (SPDC) (see Methods). We reconstructed the density matrix of the fourqubit cluster state using quantum state tomography, and studied the state's entanglement properties relevant for quantum computation. We then implemented all of the quantum circuits shown in Fig. 1a -e, and demonstrated a two-qubit quantum search algorithm. In doing so, we have demonstrated the first universal set of gates and an important algorithm in a one-way quantum computer.
Creation and characterization of the cluster state
Our cluster state is produced experimentally using the mode-and polarization-entangled output of nonlinear spontaneous parametric down-conversion and linear optical elements, as described in detail in the Methods section. When four photons are emitted into the output modes of the polarizing beam-splitters 1, 2, 3 and 4, they are in the highly entangled cluster state
where jHl and jVl represent respectively horizontally and vertically polarized photon states, and the subscript labels the spatial mode. This state, jF cluster l, is equivalent to the four-qubit linear cluster, jF lin4 l, and the horseshoe cluster states, jF ,4 l and jF .4 l ( Fig. 1 ) under the local unitary operation H 1^I2^I3^H4 on the physical qubits, where H i (I i ) is a Hadamard (identity) operation on qubit i. The four-qubit linear cluster can easily be reduced to a three-qubit linear cluster by measuring qubit 1 in the computational basis of the cluster and thus disentangling it from the rest. The state, jF cluster l, can be converted to the box cluster state (Fig. 1e ) by the local unitary operation H 1^H2^H3^H4 and a swap (or relabelling) of qubits 2 and 3. Note that the four-qubit cluster state thus realized is also the smallest cluster state that represents a new kind of entanglement 27 , while the two-qubit and three-qubit cluster states are locally equivalent to a maximally entangled Bell state and the three-qubit Greenberger-Horne-Zeilinger (GHZ) state, respectively.
State tomography
We have completely characterized our state via quantum-state tomography (which is a method for extracting the density matrix of a quantum state) from a discrete set of experimental measurements. Although quantum process and state tomography has been performed with up to three qubits 28, 29 this is, to our knowledge, the first time that a four-qubit density matrix has been determined from a complete, experimentally obtained density matrix. For a four-photon polarization state, like our cluster state, the full density matrix, r, is a 16 £ 16 dimensional object that can be reconstructed by linear combinations of 256 linearly independent four-photon polarization projections. We performed each of these 256 measurements for 600 s using all combinations of jHl; jVl; j þ l;
. A maximum of 127 fourfold coincidence counts in 600 s were measured in the case of the setting jHl 1 jHl 2 jVl 3 jVl 4 . Instead of a direct linear combination of measurement results, which can lead to unphysical density matrices owing to experimental noise, we use a maximum-likelihood reconstruction technique [30] [31] [32] . The resulting density matrix is shown in Fig. 2 . The dominant diagonal elements represent the four components jHl 1 jHl 2 jHl 3 jHl 4 , jHl 1 jHl 2 jVl 3 jVl 4 , jVl 1 jVl 2 jHl 3 jHl 4 and jVl 1 jVl 2 jVl 3 jVl 4 as expected from equation (1), while offdiagonal elements indicate strong coherences between them. The negative coherences are due to the required p phase shift in the amplitude for the jVl 1 jVl 2 jVl 3 jVl 4 term. Our reconstructed state is in good qualitative agreement with the target state, jF cluster l. This can be quantified by the state fidelity F ¼ kF cluster jrjF cluster l ¼ ð0:63^0:02Þ, which is the state vector overlap with the ideal state jF cluster l. At present, no theoretical results exist concerning the fidelity requirements in cluster state quantum computation, so the full implications of the value that we found for the fidelity are unclear. Nevertheless, it has been proved that bi-separable four-qubit states cannot have a fidelity greater than 0.5 with our target cluster state. Our measured fidelity is clearly above this threshold, and therefore the observed fidelity is proof of the fact that the state contains the required four-particle entanglement 33 to a significant degree. Our cluster state is a coherent superposition of four different terms, each from a different physical origin (see Methods). The fidelity of our state is not perfect, because of partial distinguishability of these terms and because of imperfect phase stability in our set-up. We expect that achieving high fidelity with the target state will become rapidly more difficult as the size of the Hilbert space is increased. However, the acceptable amount of noise per qubit is independent of the size of the cluster, whereas it becomes exponentially small for GHZ states 34 . Thus the problem of noise does not increase for larger clusters 34 .
Entanglement properties
One-way cluster state quantum computation is based entirely on the entanglement properties of the physical qubits of the initial cluster state. For three-qubit states, there are only two classes of entanglement typified by the GHZ state 35 
, and by the W state 36, 37 ,
As such, the three-qubit cluster state cannot represent a fundamentally different class of state and is, in fact, a GHZ state. On the other hand, our four-qubit cluster state cannot be converted via local unitary operations to either the four-qubit generalizations of the GHZ or the W state, but combines important characteristics of both.
As in a four-qubit GHZ state, we can make local measurements on one or two of the qubits and, with only classical communication, leave the remaining qubits in a three-qubit GHZ state or in a twoqubit Bell state, both of which can serve as an entanglement resource for quantum communication. For an explicit example, we reconstructed the density matrix of qubits 2, 3 and 4 by considering only the subset of our full tomographic measurements where qubit 1 was successfully measured in the state j þ l 1 . Its fidelity compared to an ideal three-photon GHZ state was (0.60^0.02), which is above the local realism threshold 38 of 0.56.
Whereas the loss of one qubit in a GHZ state is already sufficient to completely disentangle the state, N/2 particles have to be removed from an N-particle cluster state in order to leave a separable state. The cluster states share this persistency of entanglement 13 with the W states, which show an even stronger robustness against such decoherence. We demonstrate this property by considering the reduced density matrix of qubits 2, 3 and 4, r red 2;3;4 , after ignoring qubit 1-that is, after tracing out the first qubit. This trace has been implemented by summing the two subsets of our tomographic measurements in which the first qubit was measured in the state jHl 1 or jVl 1 . To test for entanglement in the remaining three-qubit state, we used the entanglement-witness operator
where Tr(Wr) $ 0 for all separable states, but is negative for some entangled states. Our state gives a value of (20.115^0.007), which is negative by 16j and thus proves that entanglement in qubits 2, 3 and 4 persists even after 'loss' of qubit 1. This remaining entanglement is between qubits 3 and 4. The loss of another particle destroys all entanglement and leaves a separable two-qubit state. We test this by calculating the eigenvalues of the partial transpose reduced density matrix of qubits 3 and 4, which are l 1 =0.49, l 2 =0.45, l 3 =0.05 and l 4 =0.008. These values are all positive, and thus fulfil the necessary and sufficient conditions for separability in two-particle systems 39, 40 .
A one-way quantum computer
Given a cluster state, quantum gates are implemented on the encoded qubits using only a series of single-qubit measurements and classical feedforward. In this section, we demonstrate the essentials of cluster-state quantum computation. In the present experiment, we created a cluster state and performed fixed polarization measurements, that is, projections onto the state j þ al j in the bases, B j (a), which require no feedforward or subsequent corrections given a successful measurement. This reduces the success rate of the computation by a factor of two for every measurement as compared to ideal, deterministic gate operations, but it certainly suffices as a proof of principle. An important challenge for future work is to implement the fast active switching and logic requirements for one-way quantum computation with feedforward. We have realized a universal set of quantum logic operations in the form of single-qubit rotations and non-trivial two-qubit gates. In the following sections we characterize the quality of each quantum computation by comparing the measured output state to the ideal using the state fidelity. Interesting avenues for study include full quantum gate characterization using quantum process tomography 41, 42 or related measures 43 .
Single-qubit rotations
We start with the one-dimensional four-qubit linear cluster state, jF lin4 l, which implements an arbitrary single-qubit rotation gate (Fig. 1b) . In particular, we perform B 1 (a), B 2 (b) and B 3 (g) on the physical qubits in the linear cluster basis. The parameters a, b and g are sufficient to rotate the input qubit to anywhere on the Bloch sphere, or more generally to implement an arbitrary SU(2) single-qubit rotation. This computation rotates the encoded input qubit jW in l ¼ j þ l 1E to the output state jW out l ¼ HR z ð2gÞR x ð2bÞR z ð2aÞjW in l, while the output of this computation is left in the quantum state of qubit 4. We finally characterize physical qubit 4 to verify the performance of the computation using single-qubit quantum state tomography (see Supplementary Table 1a ).
The three-qubit linear cluster state jF lin3 l is generated from jF lin4 l by disentangling physical qubit 1 from the cluster. This is achieved by measuring physical qubit 1 in the computational basis for the linear cluster, that is, j þ l 1 ; j 2 l 2 f gin the laboratory basis. We consider only those cases where we find the '+' outcome. This resulting cluster state implements the quantum circuit in Fig. 1a , which is a simpler single-qubit rotation gate with rotations determined by the measurements B 2 ðaÞ and B 3 ðbÞ of the second and the third qubit. This rotates the encoded input qubit jW in l ¼ j þ l 1E to the final state, jW out l ¼ R x ð2bÞR z ð2aÞjW in l, which is again left on physical qubit 4. The computation is directly implemented by performing single-particle measurements on qubits 1, 2 and 3. The single-qubit output stored on qubit 4 is completely characterized by single-qubit tomography. We compare this single output qubit with both the theoretically expected output and the predicted output from our reconstructed four-particle cluster state density matrix. Figure 3 shows the state of qubit 4 on the Bloch sphere in the laboratory basis in the ideal (left-hand side) and measured (righthand side) case for three different measurement settings. These measurement settings were chosen to clearly show the effect of changing a single measurement basis. For the three state vectors shown as 1, 2 and 3, a was set to p/2, p/4 and 0, respectively, while b was fixed to 2p/2. The state fidelities of these and other measurement settings compared to the ideal gate action are shown in Supplementary Table 1b .
Two-qubit gates
In order to perform universal quantum computation, non-trivial two-qubit quantum-logic gates 4 are required in addition to singlequbit rotations. Well-known examples of such gates are the controlled-NOT (CNOT) or CPhase operations. The crucial trait of these gates is that they can change the entanglement between qubits. Gates of this type can be implemented with a two-dimensional cluster. In Fig. 1 , we show two-dimensional cluster states-the horseshoe cluster states ( Fig. 1c and d ) and the box cluster state (Fig. 1e )-that satisfy this condition for two-qubit quantum logic. Both of their quantum circuits comprise single-qubit rotations and CPhase operations that can generate entanglement between two Figure 4 The output density matrices from two different two-qubit computations. Each density matrix is shown as two bar charts, with the upper bar chart depicting the real part of the matrix and the lower chart depicting the imaginary part. In case a, single-qubit measurements were made on qubits 1 and 4 in the box cluster state jF A4 l. The measurement settings were B 1 (p) and B 4 (0), which results in the expected output state jV l 2 jHl 3 in the laboratory basis. The measured density matrix has (0.93^0.01) fidelity with this state and no entanglement. In case b, single-qubit measurements in B 2 (0) and B 3 (0) were made on the horseshoe cluster state jF ,4 l. In this case, the expected output density matrix (left-hand side) and the experimentally measured density matrix (righthand side) are both shown in the laboratory basis. The measured and expected density matrices are in good agreement and this is reflected in the fidelity (0.84^0.03). We extracted the tangle, a measure of entanglement, from the experimentally measured density matrix as t=(0.65^0.11). This conclusively demonstrates that our cluster state quantum computer can generate the quantum entanglement necessary for universal quantum computation.
initially separable encoded qubits. Whether or not entanglement is generated depends on the specific circuit and the initial states. We will give a specific example of a two-qubit quantum computation that does not generate entanglement (in the box cluster) and a second computation that does generate entanglement (in the horseshoe cluster).
The box cluster transforms the two-qubit encoded input state according to
where a and b are determined by measurements B 1 (a) and B 4 (b) on qubits 1 and 4, respectively. For the isolated box (or horseshoe) cluster state, the encoded qubit input state is the product state jW in l ¼ j þ l 1E j þ l 2E . Consider the case where photons 1 and 4 are measured to be jVl 1 and jHl 4 in the laboratory basis. For the box cluster, this corresponds to measuring the '0' outcome of B 1 (p) and B 4 (0) respectively on physical qubits 1 and 4. According to the box quantum circuit, this should perform the computation j þ l 1E j þ l 2E !j þ l 1E j 2 l 2E with the resulting product state outcome left on qubits 2 and 3. The experimentally measured final state of qubits 2 and 3, in the laboratory basis, are shown as a two-qubit density matrix in Fig. 4a . The state has a single dominant diagonal element corresponding to the state jVl 2 jHl 3 and no off-diagonal elements. Recall that the conversion from the box basis to the laboratory basis requires a swap of qubits 2 and 3 and the application of a Hadamard on each qubit. This converts j þ l 1E j 2 l 2E to jVl 1E jHl 2E , in agreement with our measured density matrix. The fidelity of this measured density matrix of qubits 2 and 3 with the ideal output is (0.93^0.01). We can quantify the entanglement in the output state using the tangle 44 defined as t ¼ Max 0; ffiffiffiffiffi
where l i are the eigenvalues of the matrix rSr T S and S ¼ j y^jy , and are decreasingly ordered with l 1 being the largest. The tangle can range from 0 for separable states to 1 for maximally entangled states. The tangle of our measured density matrix is (0.01^0.01), in agreement with the expected value of 0-no entanglement has been generated in this case. The fidelities of other quantum computations in the box cluster are shown in Supplementary  Table 2a , including an example where entanglement is generated. Encoded two-qubit operations are crucial for cluster state quantum computation as they can generate entanglement. The horseshoe cluster state of Fig. 1c performs the following quantum circuit:
For our input state jW in l ¼ j þ l 1E j þ l 2E , this circuit always generates maximal entanglement. Consider the case where photons 2 and 3 are both measured in the state j þ l. This measurement corresponds to the '0' outcome of B 2 (0) and B 3 (0) on physical qubits 2 and 3, and should perform the transformation
where the output is maximally entangled. The experimentally measured output density matrix of photons 2 and 3 is shown in Fig. 4b (right-hand side) . For Figure 6 The experimental set-up to produce and measure cluster states. An ultraviolet laser pulse makes two passes through a nonlinear crystal (BBO), which is aligned to produce entangled photon pairs jF 2 l a;b in the forward direction in modes a and b, and jF þ l c;d in the backward direction in modes c and d. Compensators (Comp), consisting of a half-wave plate (HWP) and an extra BBO crystal, are placed in each path to counter walk-off effects. Including the possibility of double-pair emission and the action of the polarizing beam-splitters (PBSs), the four components of the cluster state can be prepared. The incorrect phase on the HHVV amplitude can easily be changed by using a HWP in mode a. The amplitudes can be equalized by adjusting the relative coupling efficiency of those photon pairs produced in the backward pass as compared to the forward pass. Polarization measurements were carried out in modes 1 to 4 using quarterwave plates (QWPs) and linear polarizers (Pol) followed by single-mode fibre-coupled single-photon counting detectors behind 3-nm interference filters. Fig. 1e . These two circuits perform the equivalent computation when the readout measurements on physical qubits 2 and 3 in the box cluster are carried out in the bases B 2,3 (p). The rotations, and hence black-box function, are fixed by the measurement settings B 1 (a) and B 4 (b) on physical qubits 1 and 4. The circuit implements one of the four black boxes in the search algorithm, and processes the output through an inversion-about-the-mean operation. The output, which is the final states of physical qubits 2 and 3, reveals which black box was applied. b, The experimentally measured outputs of this quantum computation. The data labelled 'no FF' show the computational outputs {s 2 , s 3 } in those cases where the measurements in the black box found the '0' outcome. The data labelled 'FF' show the outputs for all individually measured outcomes from the black box to which the feedforward relation s 2 %s 4 ; s 3 %s 1 f g has been applied to the output results. The probability for successful identification of the function is approximately 90% in all cases.
comparison, the ideal output density matrix is also shown in Fig. 4b (left-hand side). The two density matrices are qualitatively very similar and, indeed, the state fidelity of our measured state with the ideal state is (0.84^0.03). The tangle of this output state is t=(0.65^0.11), confirming the generation of entanglement between the logical qubits as a result of the quantum computation. Furthermore, this experimentally measured density matrix implies a maximum Clauser-Horne-Shimony-Holt (CHSH) Bell parameter 45 of S=(2.47^0.08), which is well above the S=2 upper limit for local realistic theories. The fidelities of other quantum computations in the horseshoe cluster are shown in Supplementary  Table 2b .
Grover's search algorithm
The excitement over quantum computation is based on just a few algorithms, the most well known being Shor's factorization algorithm 3 and Grover's search algorithm 6 . The latter is extremely important, both from a fundamental standpoint, as it is provably more efficient than the best classical algorithm, and from a practical standpoint, because fast searching is central to solving difficult problems. Grover's algorithm has been implemented under the standard model 46, 47 both in NMR 48, 49 and in optical experiments 47 .
Here, we demonstrate a two-qubit implementation of Grover's fast quantum search using the cluster state model.
The goal of a search is to identify one out of N elements of a database. Formally, one could consider the database as a black box that labels one of N possible inputs leaving all others unchanged. The challenge, then, is to find that labelled state. The best classical strategy chooses the inputs randomly one by one and checks for the label; it takes, on average, about N/2 calculations to find the special input. Quantum parallelism in Grover's algorithm allows for all inputs to be processed simultaneously in superposition, while interference enhances the probability of finding the desired outcome in only O ffiffiffiffi N p À Á calculations of the function. In the case of a two-bit function (N=4), the difference is even more dramatic, as Grover's algorithm needs only one calculation of the function, whereas classically three evaluations are needed in the worst case, and 2.25 evaluations are needed on average.
The quantum circuit for the two-qubit Grover algorithm is shown in Fig. 5a . Two input qubits, 1 and 2, are prepared in the state j þ l 1 j þ l 2 . This is a superposition of all four computational basis states j0lj0l, j0lj1l, j1lj0l and j1lj1l. As one of four possibilities, the black box could label the state j0lj1l ! 2j0lj1l by changing its sign and leaving all other states unchanged. Note that the change of sign is equivalent to a bit flip on an ancillary qubit. Any of the four possibilities can be set by proper choices of the rotation angles a and b. The output from the black box is processed by an operation that inverts the amplitudes for each computational state about the mean value. This process amplifies the labelled amplitude and reduces the rest. In the two-qubit case, theory predicts that after a single application of this inversion, the computer outputs the labelled state with probability 1.
We can compare this circuit for the two-qubit Grover algorithm to that implemented by the box cluster state in Fig. 1e . The Grover algorithm circuit contains extra fixed single-qubit operations (a j z followed by a Hadamard transformation, H) on each qubit before the readout in the computational basis. Measurement of a final physical qubit in the computational basis after a j z followed by H is equivalent to direct measurement of those qubits in the basis B(p), that is, we can absorb these additional fixed single-qubit operations into the readout stage. The quantum circuit implemented by the box cluster can be seen as precisely that one required for Grover's algorithm provided that the final readout measurements are made in B 2,3 (p) on physical qubits 2 and 3.
The cluster state computation proceeds as follows. The encoded qubits begin in the state j þ l 1 j þ l 2 . Setting the measurement angles, ab, to pp, p0, 0p and 00 determines the black-box settings 00, 01, 10 and 11, respectively. In principle, these settings remain hidden. The result of a measurement of physical qubit i is s i , which is 0 (1) for a measurement of j þ al j 2 al À Á . For the computation to proceed deterministically, the black box must provide the measurement outcomes for feedforward. The encoded qubits are transferred non-locally to the remaining physical qubits in the cluster. Remarkably, the inversion-about-the-mean process is already 'hard-wired' into the structure of the cluster state and is automatically implemented. The output of the computation, including feedforward (FF), are two bits s 2 %s 4 ; s 3 %s 1 f gidentifying the black box. In Fig. 5b , we show the experimental outcomes of the quantum computation. As in the previous computations, measurements were made using quarter-wave plates and polarizers. The 'no FF' data are the computational outputs obtained when the black-box outcomes, s 1 and s 4 , were 0, which requires no feedforward but reduces the success rate to 1/4. In addition, we have measured individually all possible correlations between the measurement results from the black box and the readout. This enables us to implement the simplest feedforward possible, where the earlier measurement determines the meaning of the final readout. Thus, when the black-box measurement outcomes are other than s 1 =0 and s 4 =0, it is necessary to reinterpret the readout via the bitwise addition shown above; the 'FF' row of data in Fig 5b shows the sum of the readouts interpreted in this way. In either case, the probability of the quantum computer determining the correct outcome is about 90%. These high-fidelity results (Fig. 5b ) constitute, to our knowledge, the first demonstration of a quantum algorithm in a cluster state quantum computer.
Discussion
We have generated a four-qubit cluster state, and characterized that state and its entanglement features. With that cluster, and taking advantage of a curious equivalence of a number of cluster states, we have demonstrated a universal set of single-qubit and non-trivial two-qubit quantum logic gates in a one-way quantum computer. Our final realization of the Grover algorithm strongly underlines the basic simplicity of the cluster state approach. Given the various alternatives for their creation, such as linear optics, ion traps and optical lattices, and the recent advances in the preparation of multiparticle entangled states, cluster states are promising for inclusion in future implementations of quantum computation. The most important challenges for the optical approach presented here are (1) realization of cluster states on demand, (2) generating cluster states with more qubits and (3) implementation of fast feedforward where earlier measurement outcomes actually change the setting of a future measurement in real time.
A
Methods

Experimental preparation of cluster states
In our experiment, entangled photons are created by using type-II parametric downconversion 50 . A frequency-doubled laser pulse at 795 nm makes two passes through a b-barium borate (BBO) crystal, which emits highly entangled photons into the forward pair of modes a and b and the backward pair of modes c and d (Fig. 6) . To counter the effect of birefringence in the BBO crystal, the polarization in each mode is rotated by 908 and the photons pass through compensation crystals that erase transverse and longitudinal walk-off. Final half-wave plates (HWPs), one for each photon pair, and the tilt of the compensation crystals allow for the production of any of the four Bell states. The modes of the forward emitted pairs a and b and the modes of the backward emitted pairs c and d are coherently combined at polarizing beam-splitters (PBSs) by adjusting the position of the delay mirror for the ultraviolet pump. The preparation of the cluster state is based on the simultaneous emission of four photons. The construction of the set-up allows for four photon events to come from either two entangled pairs, one forward and one backward, or from double-pair emission into the modes a and b, and c and d 26 .
Proposed methods for producing cluster states are based on series of two-qubit gates, such as the CPhase or CNOT. In our case, the four-photon cluster state is generated directly from parametric down-conversion. Because of its intrinsically probabilistic nature, the down-conversion process becomes exponentially inefficient for generating larger cluster states. Our way of generating the cluster states furthermore exploits the properties of PBSs and uses post-selection. A PBS is an optical device that transmits horizontally polarized light and reflects vertically polarized light. Considering the twophoton case, where after the PBS in each mode one photon has to be detected, both incoming photons must have the same polarization when they come from different input modes, or they must have orthogonal polarizations when entering along the same input mode. If the source produces simultaneously a jF 2 l a;b state into the forward pair of modes, and backwards a jF þ l c;d state, only the state jHl 1 jHl 2 jHl 3 jHl 4 2 jVl 1 jVl 2 jVl 3 jVl 4 results in a four-photon coincidence. However, there exists also the case where a four-photon emission into the two modes on either side results in a fourfold coincidence. The state must be in this case 2jHl 1 jHl 2 jVl 3 jVl 4 coming from the jF 2 l a;b setting and þjVl 1 jVl 2 jHl 3 jHl 4 coming from the jF þ l c;d setting. The final emerging state is a superposition of all four terms.
In order to produce a cluster state, the phase of the 2jHl 1 jHl 2 jV l 3 jVl 4 term has to be shifted by p. This can be done using a HWP in one mode, where a polarization rotation of an angle f causes the state after the PBSs to evolve to 2 cosð2fÞjHl 1 jHl 2 jVl 3 jVl 4 . Thus any HWP rotation larger than 22.58 results in a sign flip. At the same time, the Bell state is converted to cosðfÞjF 2 l a;b þ sinðfÞjW þ l a;b , where the amount of the wanted jF 2 l a;b state is decreased by a factor of cosðfÞ. Owing to the properties of the PBS, only the amplitudes for the jHl 1 jHl 2 jHl 3 jHl 4 2 jVl 1 jV l 2 jVl 3 jVl 4 terms are affected, while the jW þ l 1;2 Bell state does not contribute to any fourfold coincidence.
Note that after each PBS a quarter-wave plate (QWP) was placed to compensate for birefringence effects. For each measurement, the phase of the back-reflected pair or fourphoton was kept fixed and verified for each measurement setting. Taking into account the emission rates of the source for the entangled pairs (28,000 s 21 two-photon coincidences for the forward-emitted pair, and 18,000 s 21 coincidences for the backward-emitted pair), theoretical calculations show that a HWP rotation by 27.58 results in the maximally entangled cluster state of the form jF cluster l ¼ 1 2 jHl 1 jHl 2 jHl 3 jHl 4 þ jHl 1 jHl 2 jVl 3 jVl 4 À þjVl 1 jVl 2 jHl 3 jHl 4 2 jVl 1 jVl 2 jVl 3 jV l 4 Þ. Thus, a HWP in mode a has been rotated to prepare this state. Fine-tuning has been done by short measurements to obtain approximately equal count rates for each component.
